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Extracting Volterra series representation from X-parameters for the
modeling of microwave device

L. Sang*, J. Wang, Y. Xu and R. Xu

Fundamental Science on EHF Laboratory, University of Electronic Science and Technology, Chengdu,
China

(Received 31 August 2012; accepted 10 October 2012)

As a classic mathematical means, Volterra series are good representations for the
description of nonlinear microwave devices and systems. However, the difficulty in
extracting accurate kernel functions is the most important reason that limits wider
application of Volterra series. In this research, the X-parameters proposed in recent years
are used to resolve this problem for the first time. The extraction method is detailed, and
the results show that it is very convenient to obtain Volterra series representation by using
X-parameters. A power amplifier was measured to verify the proposed approach, and a
good agreement has been achieved between the measured results and the predicted data
based on the Volterra series. The method proposed in this paper is useful for accurate and
fast modeling of modern microwave devices.

1. Introduction

Behavioral modeling of microwave components is of great interest to the designers of
microwave devices used in today’s wireless systems. In the past several decades, scattering
parameters (S-parameters) have contributed greatly to the modeling of linear microwave
devices [1,2]. However, a big problem still disturbing engineers is the absence of an
efficiency way, which can easily characterize, describe mathematically, and simulate the
nonlinear behavior of microwave components accurately. A lot of mathematical equations and
methods have been brought forward to describe the nonlinear characterization. As one of the
most popular expressions for nonlinear systems [3], Volterra series have been used in many
weakly nonlinear applications. However, there are still two disadvantages need to be
overcome for wider application in the modeling of microwave devices. One is that the
contribution of each frequency component in the stimuli to response should be distinguished
clearly, which is not very convenient. The other one is that it involves a large amount of
testing work especially for multi-tone stimuli. If the order is over 3rd, the testing work can
hardly be completed by general testing equipments.

The advent of the Poly-Harmonic Distortion (PHD) nonlinear behavioral model and its
X-parameters proposed in recent years brings great convenience to the use of Volterra series
[4,5]. The X-parameters, which can be obtained easily from modern Nonlinear Vector
Network Analyzer (NVNA), are the natural extension of S-parameters to nonlinear devices.
The X-parameters framework not only greatly simplifies the testing workload, but also
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describes all of the numerical relationships of every frequency component (fundamental
frequency, harmonic frequency, and inter-modulated frequency) at each port of the device. In
this paper, a weakly nonlinear power amplifier module was measured by the NVNA, and
X-parameters were used as the basic data to extract the kernel functions of the Voterra series
in frequency domain for the first time. Then the kernel functions in time domain and the
integrated Volterra series expression could be achieved. The output performance of the power
amplifier could be calculated and predicted by using Volterra series expression. The results
show that it is very convenient to obtain Volterra series by using X-parameters and the
predicted results based on this Volterra series agree well with the measured data.

2. Brief description of the X-parameters

The fundamentals of PHD modeling are introduced and described in [4,5]. The PHD model-
ing is a black-box, frequency-domain modeling technique initially developed for nonlinear
microwave components and systems. The PHD model is empirically extracted by exciting a
nonlinear Device Under Test (DUT) with external signals and measuring the response at the
desired port. The PHD formulation states that for a given DUT there is a set of multivariate
nonlinear functions Fpm that relates all the input components Aqn with the output components
Bpm, where q and p range from one to the number of network port Q and m and n range from
zero up to the highest harmonic order N. This is formally expressed as:

Bpm ¼ Fpm ðA11;A12; . . . ;A1N ; . . .A21;A22; . . . ;A2N ; . . .AQ1 . . .AQN Þ ð1Þ

The X-parameters matrix is the major and key numeric relationships in the function Fpm.
The NVNA used for the testing of nonlinear device was developed by the Agilent Technolo-
gies a few years ago, and the X-parameters could be obtained easily from the tested results.
The equation for X-parameters with single signal is described as given below:

½B�ðresponseÞ ¼ ½X �½A�ðstimulusÞ ð2Þ

Bpm ¼ XF
pm ðjAð11ÞjÞ þ

XQN
qn;qn–ð1;1Þ

X S
pm;qn ðjAð11ÞjÞPm�nAqn

þ
XQN

qn;qn–ð1;1Þ
XT
pm;qn ðjAð11ÞjÞPmþn conj ðAqnÞ ð3Þ

where X S
pm;qnð�Þ and XT

pm;qnð�Þ are the real and imaginary parts of X-parameters, respectively,
providing the contribution of signal at input port q with nth harmonic to the signal at output
port p, mth harmonic. XF

pm ðjA11jÞ is the component of the output due to the input signal

(A11). So it is only related to the receive port-harmonic pm. Aqn is the incident wave at port

q, harmonic n and Bpm is the response wave at port p, harmonic m. P is defined as e j/ ðA11Þ,
where / ðA11Þ is the phase of A11. X

F, XS, and XT parameters can be directly picked up from
the measured results of NVNA.

With the same principle, a two-tone model, for example, that describes an amplifier or
mixer can be defined as:
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BP;½nm� ¼ XF
P;½nm�jAp1;½1;0�j; jAp2;½0;1�jPn

½1;0�P
m
½0;1�

þ
X
q; j;k

X S
P;½nm�;q;½ j;k�jAp1;½1;0�j; jAp2;½0;1�jPn�j

½1;0�P
m�k
½0;1�Aq;½ j;k�

þ
X
q; j;k

X T
P;½nm�;q;½ j;k�jAp1;½1;0�j; jAp2;½0;1�jPnþj

½1;0�P
mþk
½0;1� conj ðAq;½ j;k�Þ ð4Þ

For p1 = 1 and p2 = 1, Equation (4) describes an amplifier with a two-tone stimulus at the
input port 1. In this case, the port index p of the responsive wave B would go from 1 to 2.
The large-signal operating point is specified by the magnitudes of the two input tones.

3. Extracting Volterra series representation from the X-parameters matrix

As a common mathematics tool, Volterra series model has definite physical meaning and can
embody the essential characteristics of weakly nonlinear system [6,7]. Volterra series repre-
sentation for a general physical system with x(t) as the input excitation and y(t) as the output
response is given as:

yðtÞ ¼ y1½xðtÞ� þ y2½xðtÞ� þ y3½xðtÞ� þ � � � þ yn½xðtÞ� þ � � � ð5Þ

yn½xðtÞ� ¼ 1

n!

Z 1

�1
. . .

Z 1

�1
hnðs1; . . . snÞ x1ðt � s1Þ . . . xnðt � snÞ ds1 . . . dsn ð6Þ

where yn½xðtÞ� is the contribution of nth order series. hnðs1; . . . ; snÞ is the nth order Volterra
kernel function in time domain which needs to be identified.

For those weakly nonlinear circuits excited by small signals, usually only the first three or
four terms are retained. The nonlinearity can be approximated by squared and cubed
components [8]. The squared and cubed products in the nonlinearity give rise to harmonic
and inter-modulated components. Using Volterra series, closed form expressions of the
different distortion components can be obtained. This helps the designer in understanding the
circuit more deeply. The nth order frequency response function of the kernel function hn can
be obtained by Fourier transform:

Hnðx1; . . . ;xnÞ ¼
Z 1

�1
. . .

Z 1

�1
hnðs1; . . . ; snÞ

Yn
i¼1

e�jxisi ds1 . . . dsn ð7Þ

Take a two-tone excitation as an example:

xðtÞ ¼ A1e
jx1t þ A2e

jx2t ð8Þ

The response frequency components are shown as given below (n) up to 3rd harmonic:

y1ðtÞ ¼
Z 1

�1
h1ðu1Þ A1e

jx1ðt�u1Þ þ A2e
jx2ðt�u1Þ þ A1e

�jx1ðt�u1Þ þ A2e
�jx2ðt�u1Þ� �

du1 ð9Þ
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y2ðtÞ ¼ 1

2!

Z 1

�1

Z 1

�1
h2ðu1; u2Þ A1e

jx1ðt�u1Þ þ A2e
jx2ðt�u1Þ þ A1e

�jx1ðt�u1Þ þ A2e
�jx2ðt�u1Þ� �

� A1e
jx1ðt�u2Þ þ A2e

jx2ðt�u2Þ þ A1e
�jx1ðt�u2Þ þ A2e

�jx2ðt�u2Þ� �
du1du2 ð10Þ

y3ðtÞ ¼ 1

3!

Z 1

�1

Z 1

�1

Z 1

�1
h3ðu1; u2; u3Þ

� A1e
jx1ðt�u1Þ þ A2e

jx2ðt�u1Þ þ A1e
�jx1ðt�u1Þ þ A2e

�jx2ðt�u1Þ� �
� A1e

jx1ðt�u2Þ þ A2e
jx2ðt�u2Þ þ A1e

�jx1ðt�u2Þ þ A2e
�jx2ðt�u2Þ� �

� A1e
jx1ðt�u3Þ þ A2e

jx2ðt�u3Þ þ A1e
�jx1ðt�u3Þ þ A2e

�jx2ðt�u3Þ� �
du1du2du3 ð11Þ

Substitute Equation (7) into Equations (9), (10), and (11):

y1ðtÞ ¼ A1

2
H1ðx1Þ e jx1t þ A2

2
H1ðx2Þ e jx2t þ conjugate terms ð12Þ

y2ðtÞ ¼ A2
1

2
H2ðx1;�x1Þ þ A2

2

2
H2ðx2;�x2Þ þ A2

1

4
H2ðx1;x1Þ e j2x1t

þA2
2

4
H2ðx2;x2Þ e j2x2t þ A1A2

2
H2ðx1;x2Þ e jðx1þx2Þt

þA1A2

2
H2ðx1;�x2Þ e jðx1�x2Þt þ conjugate terms ð13Þ

y3ðtÞ ¼ 3A3
1

8
H3ðx1;x1;�x1Þ þ 3A1A2

2

8
H3ðx1;x2;�x2Þ

� �
e jx1t

þ 3A3
2

8
H3ðx2;x2;�x2Þ þ 3A2

1A2

8
H3ðx1;�x1;x2Þ

� �
e jx2t

þA3
1

8
H3ðx1;x1;x1Þ e j3x1t þ A3

2

8
H3ðx2;x2;x2Þ e j3x2t

þ3A2
1A2

8
H3ðx1;x1;x2Þ e jð2x1þx2Þt þ 3A2

1A2

8
H3ðx1;x1;�x2Þ e jð2x1�x2Þt

þ 3A1A2
2

8
H3ðx1;x2;x2Þ e jðx1þ2x2Þt þ 3A1A2

2

8
H3ð�x1;x2;x2Þ e jð2x2�x1Þt

þ conjugate terms ð14Þ

where the conjugate term is the conjugate part of each frequency component which falls in
the negative frequency axis.

As the amplitude of input x(t) increasing, the magnitude of higher order components will
increase more quickly than the lower order components. Equations (12)–(14) indicate that the

302 L. Sang et al.



multi-tone excitation generates several combinational tones in the response series in addition to
the fundamental frequencies. Truncating the high-order components until y3(t) and combining the
same frequency components, response amplitudes of various fundamental and combinational
tones in frequency domain can be expressed as (taking x1; 2x1; x2; 3x2; 2x2 þ x1 for
example):

Y ðx1Þ ¼ A1H1ðx1Þ þ 3A3
1

4
H3ðx1;x1;�x1Þ þ 3A1A2

2

4
H3ðx1;x2;�x2Þ; ð15aÞ

Y ð2x1Þ ¼ A2
1

2
H2ðx1;x1Þ; ð15bÞ

Y ðx2Þ ¼ A2H1ðx2Þ þ 3A3
2

4
H3ðx2;x2;�x2Þ þ 3A2A2

1

4
H3ðx1;�x1;x2Þ; ð15cÞ

Y ð3x2Þ ¼ A3
2

4
H3ðx2;x2;x2Þ; ð15dÞ

Y ð2x2 þ x1Þ ¼ 3A2
2A1

4
H3ðx1;x2;x2Þ; ð15eÞ

Before the advent of PHD model and X-parameters, in order to get the numeric
relationships of each frequency component at different ports, we need a large amount of
measurement to get enough testing points. Although the Volterra kernel functions can be
supposed as symmetry which are independent of arrangement as Equation (16), the testing
work is still very onerous for common testing apparatus.

h3ðs1; s2; s3Þ ¼ h3ðs1; s3; s2Þ ¼ . . . ¼ h3ðs2; s3; s1Þ ¼ h3ðs3; s2; s1Þ ð16Þ

Now, the advent of X-parameters matrix changes the awkward application of Volterra
series. As a many-to-many parameters matrix, X-parameters describe the relationships of each
fundament and combinational frequency component at each port. As a result, the kernel
functions can be extracted based on the numeric relationships. For example, the contributions
of the stimulative signals x1 and x2 at input port to the response frequency components x2

and 2x2 þ x1 at the output port can be extracted from the X-parameters matrix and the value
of kernel function at each frequency point can be calculated as:

H3ðx1;x2;x2Þ ¼ 4

3A1A2
2

� Y ð2x2 þ x1Þ
X ðx1ÞX ðx2ÞX ðx2Þ ð17aÞ

H1ðx2Þ ¼ Y ðx2Þ
A2 � X ðx2Þ ð17bÞ

where Y ð�Þ is the power values of response frequency. X ðx1Þ and X ðx2Þ are the frequency
domain expressions of e jx1t and e jx2t. Be aware that the H1ðx2Þ is calculated based on the
first-order measured data in order to avoid the influence of high-order terms
(H1ðx2; � x2;x2Þ; H1ðx1; � x1;x2ÞÞ. It is the same principle to the calculation of H1ðx1Þ.
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To conclude, the procedure of extracting the kernel functions is described as given below:

(1) First, the database with a wealth amount of information is setup according to the
measured X-parameters data. The order of signal in the measurement depends on the
application. Usually, 3rd is used as the highest order.

(2) For a specific predication of the frequency property, the correlative data are picked up
from the database as the base of the calculation. If there is no direct measured data,
the average of the most nearest data is used as the base.

(3) After getting the correlative data, the numeric relationships between the each
frequency component of the response and the stimulative signals can be obtained.
According to the calculation formulas as Equation (4), the value of output power value
Y and then H at each concrete frequency point can be calculated as Equation (17). So
curves of H can be depicted, and the functions can be achieved by using the curve
fitting method.

(4) According to the kernel functions, the value of H at arbitrary frequency point can be
calculated and multiplied with the magnitudes of stimulative signals, so the variation
of output power with the change of input power can be obtained. As a result, the
output performance of each frequency component can be predicated and the
characteristics in time domain can also be calculated by inverse Fourier transform.

4. Validation of the method

A GaN HEMT power amplifier module (NPT25015) as shown in Figure 1 was measured by
the NVNA provided by Agilent Technologies with two-tone stimulus [9–11]. The voltages of
gate and drain were set to �1.38V and 28V, respectively [12,13]. The tested ranges of
the two stimulative signals x1 and x2 were listed in the Table 1. The order of harmonic and

Figure 1. The power amplifier module for measurement in the validation.

Table 1. The measured range of the power amplifier.

Frequency (MHz) Input power (dBm)

Start Step Stop Start Step Stop

x1 705 10 995 �10 1 10
x2 710 10 990 �10 1 10
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inter-modulated wave was set to 3 and the measured X-parameters matrix of the amplifier was
written into the MDIF file, based on which the database was established. Compared with com-
mon testing apparatus, the total tested points decreased from 4,604,040 to 383,670 with about
91.7% decline of the testing workload. Because the independent variables in Volterra series are
the fundamental frequencies x1 and x2, the harmonic and inter-modulated components at
input port in the X-parameters must be neglected. Fortunately, this omission barely influences
the calculated results because of the very small contributions to the response compared to fun-
damental frequencies. In order to make the verification result clearer and the predicated proce-
dure more concise, one stimulus signal x1 was fixed and another signal x2 varied in the
following calculation. The x1 was arbitrarily set at 850MHz with the input power of 10 dBm.
Another frequency x2 varies from 710 to 990MHz (except for 850MHz) with the input power
increased from 0 to 15 dBm. Since there were no direct measured data for x1 at 850MHz, the
measured data of x1 at 845 and 855MHz were averaged and used as the basic measured data
in the predication. According to the basic data, the output power and the value of the kernel
function H at each frequency point of the response could be calculated. Then the curves of H
vs. the variation of the frequency x2 could be described, and the kernel functions can be
obtained by using the method of curve fitting. Taking the x2 and 2 x2 þ x1 as an example,
the value of H at each frequency point can be calculated by using Equation (17), and the fitting
functions for kernel function H were both cubic polynomial models as shown in Figure 2. The
output performance of the amplifier can be predicated based on the kernel functions. The pre-
dicted results of power and frequency characteristics of the power amplifier were partly shown
in the following content because of the limited space.

In the calculation, x1 was set to 850MHz with 10 dBm input power and the frequency of
x2 was variable with 3 dBm input power. As shown in Figure 2, the value of H at each
frequency point was calculated according to X-parameters. The method of curve-fitting
equation was used to obtain the function of H. Equations (18) and (19) were corresponding
to 2 x2 þ x1 and x2, respectively. Both of the fitting functions were cubic polynomial
models. However, the fitting function was not invariable. The type of fitting functions should
be adapted to the curve. If one function could not describe the whole curve, separate
functions could be chosen.

H3ðx1;x2;x2Þ ¼ ð�6:137e� 6Þ � x2

2p

� �3

þ0:01767 � x2

2p

� �2

�17:24� x2

2p

� �
þ 5778 ð18Þ

H1ðx2Þ ¼ ð�8:652e� 7Þ � x2

2p

� �3

þ0:002369� x2

2p

� �2

�2:223� x2

2p

� �
þ 734:7 ð19Þ

After obtaining the fitting functions, the output characteristics were calculated and
compared with the measured data. Some representative frequency components were selected
as an example as shown in Figures 3 and 4.

In Figure 3, x1 was set to 850MHz with 10 dBm input power and x2 variable from 710
to 990MHz with 3 dBm input power. As shown in the chart, the predicated results by using
Volterra series agreed well with the practically measured data.

The values of H at 845MHz (x2Þ were calculated based on the kernel functions, and the
variations of output power with the increase of input power (x2Þ were predicted as shown in
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Figure 4 and (x1 was also set to 850MHz with 10 dBm. Due to the weak nonlinearity, the
second and third terms in formula (15b) were very small and the compression of output
power was not dramatic. The compared results indicated that the prediction based on Volterra
series had a high accuracy.
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Figure 3. The comparisons of output characteristics between calculated data and measured results.

ω2

2ω2

3ω2

measurement
calculation

measurement
calculation

2ω1+ω2

2ω2+ω1

0 2 4 6 8 10 12 14 16
-32

-28

-24

-20

-16

-12

-8

-4

0

P
ou

t (
dB

m
)

Pin (dBm) ω2

0 2 4 6 8 10 12 14 16

-50

-40

-30

-20

-10

0

10

20

30

P
ou

t (
dB

m
)

Pin (dBm) ω2

(a) (b)

Figure 4. The comparisons of output power vs. input power between calculated data and measured
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Figure 5 describes the waveforms of the excitation and response signals based on
calculation which contain 2 frequency components (x1 and x2Þ and 12 frequency
components (x1; x2, 2x1; 2x2; 3x1; 3x2; x1 � x2, x1 þ x2, 2x1 � x2; 2x2 � x1;
2x1 þ x2; 2x2 þ x1Þ;, respectively. It indicated that the difference between the two
waveforms was very small except amplitude due to the weak nonlinear effects.

5. Conclusion

The X-parameters matrix is used to extract kernel functions of Volterra series firstly in this
paper. It is shown that due to the powerful function in the description of nonlinear systems, the
numeric relationships between each response frequency component and input fundamental fre-
quency component can be easily obtained by using X-parameters. Moreover, the X-parameters
measurement greatly simplifies the testing work and improves the accuracy of the test results.
As a result, the kernel functions of Volterra series in frequency domain can be achieved easily
by fitting the concrete point. The comparisons of the calculated data and measured results show
that X-parameters can be used to extract the kernel functions of Volterra series successfully and
conveniently. The predicted data based on this Volterra series representation agree well with the
measured results. The proposed approach is useful for accurate and fast modeling of weakly
nonlinear modern microwave devices.
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